The main purpose of this paper is to give alternative proofs of syntactical and semantical properties, i.e. the subformula property and the finite model property, of the sequent calculi for the modal logics K4.3, KD4.3, and S4.3. The application of the inference rules is said to be acceptable, if all the formulas in the upper sequents are subformula of the formulas in lower sequent. For some modal logics, Takano analyzed the relationships between the acceptable inference rules and semantical properties by constructing models. By using these relationships, he showed Kripke completeness and subformula property. However, his method is difficult to apply to inference rules for the sequent calculi for K4.3, KD4.3, and S4.3. Looking closely at Takano's proof, we find that his method can be modified to construct finite models based on the sequent calculus for K4.3, if the calculus has (cut) and all the applications of the inference rules are acceptable. Similarly, we can apply our results to the calculi for KD4.3 and S4.3. This leads not only to Kripke completeness and subformula property, but also to finite model property of these logics simultaneously.
Introduction
The sequent calculi for some modal logics possess subformula property and finite model property. Takano [2] proved that the sequent calculi for K5 and K5D enjoy these properties through semantical method. Then, he generalized the method by introducing special unprovable sequent, analytically saturated sequent, in Takano [3] .
In [3] , Takano analyzed the relationships between acceptable inference rules and semantical properties by constructing Kripke models using the set of all analytically saturated sequents. (The application of the inference rules is said to be acceptable, if all formulas in the upper sequents are subformulas of the formulas in the lower sequent.) We call here this method as Takano's method. Then, he showed that the sequent calculi for modal logics which are obtained from K by adding axioms from T, 4, 5, D, and B enjoy subformula property and finite model property.
The main purpose of this paper is to give alternative proofs of subformula property and finite model property of the sequent calculi for the modal logics K4. 3, KD4.3, and S4.3 . For this purpose, we consider the relationships between the semantical properties and the inference rules ( 4.3) and (S4.3) (introduced by Shimura [1] ) based on Takano's method. However, the straightforward application of Takano's method does not work well for ( 4.3) and (S4.3). Taking a close look at his proof, we find that Takano's method can be modified to construct finite models based on the sequent calculus for K4.3, if the calculus has ( 4.3) and (cut), and all the applications of inference rules are acceptable. Similarly, we can apply this result to the inference rule (S4.3). This implies Kripke completeness of the sequent calculi for K4.3 and S4.3, and these calculi enjoy not only subformula property, but also finite model property.
In Section 2, we introduce the definition and property of an analytically saturated sequent based on Takano [3] . In Section 3 and 4, we consider ( 4.3) and (S4.3), respectively, and give the procedure for constructing finite models.
Preliminaries
In this paper, we use only ¬ (negation), ⊃ (implication), and (necessity) as logical symbols, and other are considered as abbreviations. Propositional letters and formulas are denoted by p, q, r, · · · and A, B, C, · · · , respectively. Finite sequences of formulas are denoted by Γ, ∆, Θ, Λ, · · · , and a sequent is an expression of the form Γ → Θ. A -formula is a formula whose outermost logical symbol is . We mean by Sf(Γ) the set of all the subformulas of some formulas in Γ, and by Γ the set { A | A ∈ Γ}.
Let us consider the following structural rules:
Every sequent calculus which we treat in this paper enjoys the following stipulation.
Stipulation 1. The sequent calculus has A → A as an initial sequent for every A, and contains the structural rules (→ w), (w →), (→ e), (e →), (→ c), and (c →).
Due to this in the rest of this paper, we recognize Γ, ∆, Θ, Λ, · · · as finite sets. 
The set of all analytically saturated sequents is denoted by W GL .
We denote the analytically saturated sequents by u, v, w, · · · , and denote the antecedent and succedent of u by a(u) and s(u), respectively. Lemma 2.2. (Takano [3, Lemma 1.3] ) For a sequent calculus GL with Stipulation 1, if the sequent Γ → Θ is unprovable in GL, then there is an analytically saturated sequent u with the following properties; For a sequent calculus GL with Stipulation 1, there are relationships between properties of analytically saturated sequents and inferences which are admissible in GL. For example, we consider the following inferences.
Note that inference rule (cut) a is obtained from (cut) by applying appropriate restriction.
For a sequent calculus GL with Stipulation 1, the following equivalences hold for every A and B. 
We introduce Stipulation 2 as well.
Stipulation 2. The sequent calculus contains (¬ →), (→ ¬), (⊃→), and (→⊃) as inference rules.
The aim of introducing analytically saturated sequents is obtaining the proof of Kripke completeness. 
Let |= be the satisfaction relation on (W, R) such that u |= p iff p ∈ a(u) for every u ∈ W and every p. Then for every C and every u
The proof of this lemma is given by induction on the construction of C. For a sequent calculus GL with Stipulation 1, assume that any u ∈ W GL has a Kripke frame (W, R) which satisfies following properties.
• the accessibility relation R meets the condition of Kripke frame for L.
Then, if Γ → Θ is unprovable in GL, there is an analytically saturated sequent u such that Γ ⊆ a(u) and Θ ⊆ s(u) by Lemma 2.2. And u has a Kripke frame (W, R) which satisfies the above properties. Adding satisfaction relation |= introduced in Lemma 2.6, we obtain Kripke model (W, R, |=) in which C ∈ Γ implies u |= C and C ∈ Θ implies u |= C. This leads to Kripke completeness of GL.
The key point is whether every u ∈ W GL has such Kripke frame or not. It depends on admissibility of inferences in GL. From Proposition 2.4, for any Kripke frame of sequent calculus GL with Stipulation 1 and 2 holds (¬ − a), (¬ − s), (⊃ −a), and (⊃ −s). The remaining conditions ( − a) and ( − s) depend not only on admissibility of inferences, but also on properties of accessibility relation. We will discuss them in the remaining sections. The inference rule ( 4.3) is defined as follows: 
The logics K4.3 and KD4.3
From this definition, it follows that for every nonempty set W ⊆ W GL , Kripke frame (W, R K4 ) is transitive and meets ( − a). Proposition 3.3. Let GL be a sequent calculus with Stipulation 1 and the inference rule (cut) a . If ( 4.3) is admissible in GL for every Γ and ∆ (∆ = ∅), then for every u ∈ W GL , there is a finite set W ⊆ W GL with the following properties. Proof: Suppose u ∈ W GL . We construct analytically saturated sequents v 1 , ..., v n as follows.
• v 1 := u • Suppose that v 1 , · · · , v k are constructed. Put Γ k , Θ k , L k and ∆ k as follows:
We have two cases: ∆ k = ∅ and ∆ k = ∅.
Case (1): ∆ k = ∅. By following procedure, we construct the analyti-
To prove that this construction stops with finite steps, we will show that
There is an analytically saturated sequent v n with ∆ n = ∅ by repeating this procedure. Put W = {v 1 , · · · , v n }, it is clear that Kripke frame (W, R K4 ) is transitive and weakly connected frame, and enjoys ( − a). If B ∈ s(v n ), then B ∈ L n since ∆ n = ∅. So (W, R K4 ) enjoys ( − s).
From the above proposition, we can show Kripke completeness for G(K4.3) − , and this leads to subformula property for G (K4.3) . Furthermore, this leads to finite model property simultaneously because the constructed model is finite.
Similarly, G(KD4.3) has subformula property and finite model property. Lemma 3.4. Let GL be a sequent calculus with Stipulation 1 and the inference rule (cut) a . If ( 4.3) and (4D) are admissible in GL for every Γ and ∆ (∆ = ∅), then for every u ∈ W GL , there is a finite set W ⊆ W GL with the following properties.
(i) u ∈ W (ii) Kripke frame (W, R K4 ) enjoys the property ( − a) and ( − s), and meets condition for KD4.3.
Proof: Suppose u ∈ W GL . From Proposition 3.3, there is a finite set {v 1 , · · · , v n } which meets the condition of Proposition 3.3 with v 1 = u. If v n has R K4 successor in {v 1 , · · · , v n }, then the set is the desired one. If not so, we construct the analytically saturated v n+1 by following procedure. Put Γ n and Θ n same as Proposition 3.3. It is clear that Θ n = ∅ and Γ n = ∅. (Suppose otherwise Γ n = ∅. Then, all analytically saturated sequents of W GL are R K4 successors of v n . This is a contradiction.) Since Γ n → is unprovable, Γ n , Γ n → is unprovable. Then, by Lemma 2.2,
The logic S4.3
Modal logic S4.3 is obtained form K4.3 by adding axiom p ⊃ p. Kripke frame (W, R) meets condition of S4.3 iff the frame is transitive, weakly connected, and reflexive. Shimura [1] also introduced inference rule for S4.3. ∅) , then for every u ∈ W GL , there is a finite set W ⊆ W GL with the following properties.
(i) u ∈ W (ii) Kripke frame (W, R S4 ) enjoys the property ( − s), and meets condition for S4.3.
The proof is similar to Proposition 3.3. Note that the Kripke frame constructed by the above proposition does not enjoy ( −a). If GL has (T ) as inference rule, then the constructed model enjoys ( − a) by following lemma. Lemma 4.3. Let GL be a sequent calculus with Stipulation 1. If the inference (T ) is admissible in GL for every A, Γ, and Θ, then Kripke frame (W, R S4 ) holds the property ( − a) for every W ⊆ W GL .
Proof: Suppose that u ∈ W . If B ∈ a(u), then uR K4 v implies B ∈ a(v) for every v ∈ W . Since B, a(v) → s(v) is unprovable, we have that B, a(v) → s(v) is unprovable by applying rule (T ). Hence, B ∈ a(v). 
We can show

Concluding remark
In this paper, we gave alternative proofs of Kripke completeness, subformula property and finite model property for K4.3, KD4.3 and S4.3 by modifying Takano's method in [3] .
Takano's method in [3] was developed originally to analyze relationships between admissibility of acceptable inference rules and semantical properties. Then, by using these relationships, he showed Kripke completeness of some modal logics as well. But, the straightforward application of Takano's method does not work well for ( 4.3) and (S4.3). Takano's method is useful to prove Kripke completeness, but has limitations. Let us explain this with examples. We consider the following inference.
